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Recently Candel [A. Candel, Eigenvalue estimates for minimal surfaces in hyperbolic space,
Trans. Amer. Math. Soc. 359 (2007) 3567–3575] proved that if M is a simply-connected
stable minimal surface isometrically immersed in H3, then the ﬁrst eigenvalue of M
satisﬁes 1/4 λ(M) 4/3 and he asked whether the bound is sharp and gave an example
such that the lower bound is attained. In this note, we prove that the upper bound can
never be attained. Also we extend the result by proving that if M is compact stable minimal
hypersurface isometrically immersed in Hn+1 where n 3 such that its smooth Yamabe
invariant is negative, then (n − 1)/4 λ(M) n2(n − 2)/(7n− 6).
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let Hn+1 be (n + 1)-dimensional hyperbolic space of constant curvature −1. If M is n-dimensional hypersurface iso-
metrically immersed in Hn+1, then the second fundamental form of M is the bilinear form B : TM × TM → T⊥Hn+1 with
values in the normal bundle to M given by
B(X, Y ) = ∇˜X Y − ∇X Y
where ∇˜ and ∇ are the connections of Hn+1 and M respectively. By deﬁnition, an isometric immersion M →Hn+1 is called
to be minimal (or M is called to be minimal for short) if its second fundamental form has trace identically equal to 0.
If f˜ is a smooth function on Hn+1 and f is the induced function on M , then on M , their respective Hessians are related
by
∇˜2X,Y f˜ − ∇2X,Y f =
〈
B(X, Y ), ∇˜ f˜ 〉,
where X, Y are tangent vector ﬁelds to M . Therefore if M is minimal hypersurface, the Laplacian of f˜ on Hn+1 and the
Laplacian of f on M are related by
˜ f˜ −  f = ∇˜2N,N f˜ , (1)
where N is the positively oriented unit normal vector to M . Let r˜ be the distance function from a ﬁxed point on Hn+1. Then
by a lengthy but straightforward calculation in polar coordinates in Hn+1, the Hessian of r˜ is
∇˜2X,Y r˜ =
(〈X, Y 〉 − 〈X, ∇˜r〉〈Y , ∇˜r〉) coth r˜. (2)
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r = (n − |∇r|2) coth r.
Hence, if M →Hn+1 is a minimal isometric immersion and D ⊂ M is a relatively compact domain with smooth boundary
and outward normal vector ν , then integration by parts yields
(n − 1)V (D)
∫
D
r =
∫
∂D
〈∇r, ν〉 A(∂D), (3)
where V (D) and A(∂D) denote the volume of D and area of ∂D , the boundary of D respectively. Here we have used that
|∇r| 1 and r = (n − |∇r|2) coth r  n − 1.
Deﬁnition 1. The ﬁrst eigenvalue of a Riemannian manifold M , is deﬁned to be
λ(M) = inf
f
∫
M |∇ f |2∫
M f
2
,
where the inﬁmum is taken over all compactly supported Lipschitz functions on M .
The isoperimetric inequality (3) says that the isoperimetric constant of M is at least (n−1), and thus Cheeger’s inequality
for non-compact complete Riemannian manifolds (cf. Theorem VI. 1.2 in [3]) implies that
λ(M) (n − 1)/4. (4)
Deﬁnition 2. A minimal hypersurface is stable if the second variational formula for the second variational formula for the
volume functional on compactly supported normal deformations is non-negative.
Analytically, this means if M →Hn+1 is a minimal isometric immersion, then M is stable if and only if∫
M
(|B|2 − n) f 2  ∫
M
|∇ f |2, (5)
for any compactly supported function f on M .
By Gauss’ lemma,
K (X, Y ) = −1+ 〈B(X, X), B(Y , Y )〉− ∣∣B(X, Y )∣∣2, (6)
where K is the sectional curvature of M . Choose a orthonormal basis {Xi}ni=1 of M , then by (6), we have
R = −n(n − 1)/2+
∑
1i< jn
(〈
B(Xi, Xi), B(X j, X j)
〉− ∣∣B(Xi, X j)∣∣2), (7)
where R is scalar curvature of M . Since M is minimal,
∑n
i=1 B(Xi, Xi) = 0. This implies that〈 n∑
i=1
B(Xi, Xi),
n∑
j=1
B(X j, X j)
〉
= 0,
or
2
∑
1i< jn
〈
B(Xi, Xi), B(X j, X j)
〉= − n∑
i=1
∣∣B(Xi, Xi)∣∣2. (8)
Combining (7) and (8), we get
R = −n(n − 1)/2− |B|2/2. (9)
Therefore, from (9), the stability inequality (5) can be written in the form
0 n2
∫
M
f 2 + 2
∫
M
R f 2 +
∫
M
|∇ f |2, (10)
for any compactly supported function f on M .
In [2], Candel gave estimates on the ﬁrst eigenvalue of stable minimal hypersurface M in Hn+1 for n = 2. In particular,
he proved
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satisﬁes
1
4
 λ(M) 4
3
.
In [2], Candel raised the question that whether the bounds in Theorem 1.1 is sharp and he gave an example such that the
lower bound is attained. In this note, we prove that the upper bound can never be attained, namely
Theorem 1.2. Let M →H3 be a stable minimal isometric immersion such that M is simply connected. Then the ﬁrst eigenvalue of M
satisﬁes
1
4
 λ(M) < 4
3
.
We would like to extend Theorem 1.2 to the case n 3. To doing this, we introduce the following
Deﬁnition 3. The Yamabe invariant of the conformal class [g] of M is deﬁned to be
Y (g) = inf{E(g¯) ∣∣ g¯ = u(x) 2nn−2 g,u(x) > 0,u ∈ H1(M)},
where E(g¯) is deﬁned to be
E(g¯) =
∫
M(
4(n−1)
n−2 |∇u|2 + Rgu2)dV g
(
∫
M u
2n
n−2 dV g)
n−2
n
,
where Rg,dV g denote respectively the scalar curvature and the volume form of the metric g . Then the smooth Yamabe
invariant of M is deﬁned to be
σ(M) = sup{Y (g) ∣∣ g is smooth metric on M}.
Theorem 1.3. For n  3, if M → Hn+1 is a stable minimal isometric immersion such that M is compact and σ(M) < 0, then
(n − 1)/4 λ(M) n2(n − 2)/(7n − 6).
2. Results
Proof of Theorem 1.2. Suppose on the contrary, λ(M) = 43 . Consider the polar coordinates (r, θ) about a point p of M . Under
such coordinates, the metric tensor of M can be written as
dr2 + g(r, θ)2 dθ2,
where the function g satisﬁes g(0, θ) = 0 and g′(0, θ) = 1. From the proof of Theorem 1.1 in [2], we know that
4
∫
M
f 2  3
∫
M
|∇ f |2,
if f ∈F where F is the family of radial piecewise linear functions on M with f (0) = 0 and f (r) = 0 for r  R . Combining
this with λ(M) = 43 , we obtain
4
∫
M
f 2 = 3
∫
M
|∇ f |2,
if f ∈F . This implies that 4 ∫ 2π0 ∫ R0 f 2g dr dθ = 3 ∫ 2π0 ∫ R0 ( f ′)2g dr dθ if f ∈F , or equivalently,
4
R∫
0
f 2G dr = 3
R∫
0
( f ′)2G dr, (11)
where G(r) = ∫ 2π0 g(r, θ)dθ . Note that G(r) > 0 for r > 0. For small 	 > 0, deﬁne
f	(r) =
{ r/	, for 0 r  	;
1, for 	  r  R − 	;
(R − r)/	, for R − 	  r  R.
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4
R−	∫
	
G dr + 4
	2
( 	∫
0
r2G dr +
R∫
R−	
(R − r)2G dr
)
= 3
	2
( 	∫
0
+
R∫
R−	
)
G dr. (12)
Note that the left-hand side of (12) is bounded as 	 tends to 0. Indeed, by mean value theorem for integral, there exists
r1, r2 ∈ [0, 	] such that
	∫
0
r2G dr +
R∫
R−	
(R − r)2G dr = G(r1)
	∫
0
r2 dr + G(R − r2)
R∫
R−	
(R − r)2 dr  C	3
for some constant C which is independent of 	 . On the other hand, the right-hand side of (12) is unbounded as 	 tends
to 0. To see this, ﬁxed small 	0 > 0 and let C˜ = minr∈[0,	0] G(R − r) > 0. By mean-value theorem for integral, there exists
r˜1, r˜2 ∈ [0, 	] such that( 	∫
0
+
R∫
R−	
)
G dr = (G(r˜1) + G(R − r˜2))	  ( min
r∈[0,	]G(R − r)
)
	  C˜	
if 	  	0. Therefore, the right-hand side of (12) becomes
3
	2
( 	∫
0
+
R∫
R−	
)
G dr  3C˜
	
,
which tends to inﬁnity as 	 tends to 0. This contradicts that the left-hand side of (12) is bounded and this completes the
proof of Theorem 1.2. 
Relationship between stability, the ﬁrst eigenvalue of the Laplacian, and other geometric properties of minimal surfaces
have been explored by Barbosa and do Carmo [1] and Mori [4]. One basic relationship arises in the following form: a
complete minimal surface in hyperbolic space is stable if |B| 3/2. Applying Theorem 1.2, we have the following
Corollary 2.1. Let M →H3 be a minimal isometric immersion such that M is simply connected. If M is stable, then infM |B| <
√
10
3 .
In particular, if infM |B|
√
10
3 , then M cannot be stable.
To prove this, we note that if n = 2, then (9) becomes K = −1− |B|2/2 and the following
Corollary 2.2. Let M →H3 be a minimal isometric immersion such that M is simply connected. If M is stable, then supM K > −8/3.
In particular, if supM K −8/3, then M cannot be stable.
Proof of Corollary 2.2. Since M is stable, by (10), for compactly supported function f ,
0 2
∫
K f 2 + 4
∫
f 2 +
∫
|∇ f |2,
which implies that
−
(
2sup
M
K + 4
)∫
f 2 
∫
|∇ f |2.
Combining this with Theorem 1.2, we get −(2supM K + 4) < 4/3, or equivalently, supM K > −8/3. 
Proof of Theorem 1.3. The lower bound follows from (4). For the upper bound, since σ(M) < 0, Y (g) < 0 for the induced
metric g on M from Hn+1. Then there exists smooth function f on M such that E( f
2n
n−2 g) < 0, which implies that∫
R f 2 + 4(n − 1)
n − 2
∫
|∇ f |2 < 0.
Substituting this into (10), we obtain
0 n2
∫
f 2 − 8(n − 1)
n − 2
∫
|∇ f |2 +
∫
|∇ f |2.
Since M is compact, f is compactly supported. This implies that λ(M) n2(n − 2)/(7n − 6). 
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